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upper bounding function. In this paper, an adaptive variable structure control scheme is proposed for a class of systems 
where disturbances are bounded by an unknown function.  

2. Statement of the Problem 

Let the system to be controlled be represented by the following differential equation: 

  
[ ( , )] [ ( , )]x A A x t x B u g x t

y Cx

    



  (1) 

where nx R  is the state vector, mu R  is the control input, 
py R  is the output and m p n  . The 

matrices ,  A B  and C  are constant matrices with appropriate dimensions. The term A  represents the 
mismatched uncertainty of the plant which the matching condition is not satisfied and ( , )g x t  is the disturbance 
input.  

For the system, the following assumptions are made 

Assumption 1: ( , )A x t  is of the form 

( , ) ( , )A x t DF x t E   

where ( , )F x t  is unknown but bounded as ( , ) 1F x t   for all ( , ) nx t R R  , and D  and E  are known 
matrices of appropriate dimensions. 

Assumption 2: The exogenous disturbance ( , )g t x  is assumed to be bounded by a r-order polynomial of the norm of 
the output variables  

2
1 2 3( , ) ( ) ( ) ... ( )

r
rg x t a a x y t a x y t a x y t      

where the scalars 1 2 3,  ,  ,  . . .,  ra a a a  are unknown bounds, which are not easily obtained due to the complicated 

structure of the uncertainties in practical control systems. 

Assumption 3: The matrices B and C are full rank, and ( )rank CB m . 

 Under assumption 3, it follows from paper (Yan, Spurgeon, & Edwards, 2012) that there exists a coordinate 
transformation z Tx  such that the system (1) has following regular form.  

  1 2 1
1 2

23 4 2

     0
( ) (   ) ( ) [ ( , )]

    

A A D
z t F E E z t u g z t

BA A D

     
        

   
   (2) 

  2( ) 0   ( )y t C z t   (3)          

where 
1 21

3 4

     

    

A A
TAT

A A
  
  
 

,  11
1 2

2

    
D

TDFET F E E
D

  
  
 

, 
2

0
TB

B

 
  
 

 and  1
20      CT C  . The 

matrices 2
m mB R   and 2

p pC R   are non-singular.  

Let 1 2( ) [ ( )  z ( )]T T Tz t z t t  then the equation of (2) can be rewritten as 

1 1 1 1 1 2 1 2 2( ) ( ) ( ) ( ) ( )z t A D FE z t A D FE z t                   (4) 

 2 3 2 1 1 4 2 2 2( ) ( ) ( ) ( ) ( ) [ ( , )]z t A D FE z t A D FE z t u g z t        (5) 
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The output sliding surface can be defined as follows: 

                   
 2

2 2

( ( )) ( ) ( ) 0     C ( )

               ( ) 0

y t Ky t KCx t K z t

K z t

   

 
             (6) 

where m pK R   are obtained from the algorithm given in (Edwards and Spurgeon, 1998) and 2
m mK R   is 

non-singular.  

In sliding mode ( ( )) 0y t   and ( ( )) 0y t  , we have 2( ) 0z t  . Then, from equations (4) and (6), the sliding 
mode dynamics of system (1) associated with the sliding surface (6) is described by  

 1 1 1 1 1( ) ( ) ( )z t A D FE z t    (7) 

In what follows, our attention will be focused on two importance steps. The first step, appropriate LMI stability 
conditions by the Lyapunov method are derived such that sliding motion (7) is asymptotically stable. The second step, 
an adaptive output feedback variable structure control scheme is designed such that the system states reach the sliding 
surface (6) in finite time and stay on it thereafter. 

 Before proceeding, we will need the following lemma 

Lemma 1 (Choi, 1998): Let X , Y  and F  are real matrices of suitable dimension with TF F I  then, for any 
scalar 0  , the following matrix inequality holds: 

1 .T T T T TXFY Y F X XX Y Y     

3. Sliding Mode Stability Analysis 

In this section, the stability of the sliding motion is investigated. Let us begin with considering the following LMI: 
                       

 

1 1 1 1

1
1

1

                  

                -         0 0

                       0           -

T T

T

A P PA PD E

D P I

E I






 
 
  
 
  

  (8) 

where ( ) ( )n m n mP R     is any positive matrix and the scalar 0  . Then, the following theorem shows that 
sliding motion (7) is asymptotically stable. 

Theorem 1: Suppose that LMI (8) has a solution 0P  and the scalar 0  . The sliding surface is given by 
equation (6). Then, the sliding motion described in (7) is asymptotically stable. 

Proof: Now we are going to prove theorem 1. First, let us define a Lyapunov function candidate as 

                              1 1
TV z Pz                                 (9) 

where the positive-definite matrix P  is defined in (8). If we differentiate V  with respect to time combined with (7)  

then 

1 1 1 1 1 1 1 1 1 1 1 1[( ) ( )]  T T T TV z Pz z Pz z A D FE P P A D FE z                      (10) 

Using Lemma 1, we obtain that for the scalar 0    

1
1 1 1 1 1 1 1 1( )T T T TV z A P PA PD D P E E z                             (11) 

By the Schur complement, (8) is equivalent to                

 1
1 1 1 1 1 1 0.T T TA P PA PD D P E E       (12) 

After all, from equations (11) and (12), it is clearly that  
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0.V                                     (13) 

The inequality (13) implies that if the LMI (8) is feasible then sliding motion (7) is asymptotically stable.                       

Remark 1: Theorem 1 provides the new existence condition of the sliding mode via LMI technique, which can be 
easily worked out using LMI Toolbox in Matlab. 

4. Reachability Analysis 

The objective in this section is to design a static output feedback sliding mode control such that system states are driven 
to the sliding surface (6). In order to satisfy the above aim, the modified variable structure controller is selected to be        

    1 1 1
2 2 2( ) [ 0    0    ) ( )]u t B K C TAT K C TD ET t

  


         (14) 

where scalars 0  , 0   and  the adaptive law is defined as:                         

 
11

2
1

ˆ( ) ( )
r

i
i

i

t a t B T y   


   (15) 

where ˆ ( )ia t  is the solution of the following equations 

-11
2ˆ ( ) ,  1 . . . 

i
i ia t q B T y i r                     (16) 

in which scalars 0,  1 . . . iq i r  . 

The following Theorem is established to discuss detail conditions that system states are driven to the sliding surface (6). 

Theorem 2: Suppose that the LMI (8) has a solution 0P   and the sliding surface is given by equation (6). Consider 
the closed loop of system (2)-(3), then the control law (14) guarantees that the system state reaches the sliding surface in 
finite time for ( )z t  .   

Proof: Let us consider the following Lyapunov function 

                                      
2

1

( )1 1
.

2 2

r
T i

ii

a t
V

q
 


  


                    (17) 

where ˆ( ) ( )i i ia t a a t  , the scalar 0iq   1,  . . .,  i r . By differentiating V with regard to time using (6) 

yields that 

                           

 

1 1

2
1

垐( ) ( ) ( ) ( )
( )

ˆ( ) ( )
0    ( ) .

r r
T Ti i i i

i ii i

r
T i i

ii

a t a t a t a t
V Ky t

q q

a t a t
K C z t

q

  



 



   

 

 



    




         (18) 

Substituting equation (2) into equation (18), one can get 

 

 

   

1 1
2 2

1

1 1
2 2 2

2
1

ˆ( ) ( )
0    ( ) ( ) [ ( , )]

   ( 0    0    ) ( )

ˆ( ) ( )
      ( , ) .

r
T T i i

ii

T

r
i i

ii

a t a t
V K C TAT TDFET z t B u g z t

q

K C TAT K C TD ET B u t

a t a t
B g z t

q

 

  



 



 



    

  

 









        (19) 

From assumption 2 we have 
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1 1
2 2 2

11
2

1 1

1 1
2 2 2

11
2

1 1

( 0    0    ) ( )

ˆ( ) ( )
  

 ( 0    0    ) ( )

ˆ( ) ( )
  .

T

r r
i i i

i
ii i

T

r r
i i i

i
ii i

V K C TAT K C TD ET z B u t

a t a t
a B T z y

q

K C TAT K C TD ET B u t

a t a t
a B T y

q

 



  

 

 



 

 



 

  

 

  

 

 

 







        (20) 

Substituting equations (14)-(16) into equation (20), it is clearly that  

1 11 1
2 2

1 1

( ) ( ) .
r r

i i
i i

i i

V t a B T y a t B T y       

 
             (21) 

Clearly, we obtain 

0.V                     (22) 

Thus, the proof is completed.                                                                                     

Remark 2: From VSC theory, Theorems 1 and 2 together show that the sliding surface (6) with the output feedback 
variable structure controller (14) guarantee that: 1) at any initial value the system states reach the sliding surface and 
stay on its thereafter; and 2) the mismatched uncertain system (1) is asymptotically stable. 

5. Numerical Example 

In this section, we test the proposed adaptive output feedback controller on the mismatched uncertain system used by 
Silva, Edwards & Spurgeon (2009) 

1     1     -1 0

( 1   -1     0 ) 0 ( )

4     0     2 1

x A x u g

   
          
      

             (23) 

0    1     0

0    0     1
y x

 
  
 

     (24) 

where the mismatched uncertain is given as A DFE   with  1    1    1
T

D  ,  1    1    1E   and 

0.9sin( )F x ; the disturbance is assumed to satisfy as 
2

( , )) 0.01 0.9 0.9x t y y    . 

The coordinate transformation is given as 

-1     0     0

0    -1     0

-5      0     1

T

 
   
  

. The matrices 2 1B  , 2
-1    0

 0    1
C

 
  
 

 are 

non-singular and the matrix 1
-4     1

 1    -1
A

 
  
 

 is stable. Using LMI approach which mentioned in (8), we can find the 
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