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The duration variables, due to the nature of uncertainty and within a range, are assumed to be the beta distribution 
which requires a cumbersome process for the determination of a solution to a cubic equation. So proponents of PERT 
suggested using an approximation formula and proved empirically that these formula yielded results that were close to 
the results yielded by the more complex algorithm and computations based on the beta distribution (Archibald and 
Villoria, 1967, p. 449.)  

An alternate approach to approximating the beta distribution which is undertaken by PERT is to develop an approach to 
directly simulate the beta distribution of durations. Schonberger (1981), however, suggested that project managers may 
be better off by taking advantage of the insights gained from PERT’s simpler approximation approach, which would 
avoid the need for simulating the distribution of durations and undertaking the complex calculations associated with 
solving the cubic equations. In addition, Kamburowski (1996) defended and validated the PERT’s formula of 
calculating mean and variance. Davis (2008, p. 139) argued, “There has been a great deal of confusion and 
misunderstanding in the literature about how to carry out project simulations using the beta distribution based on the 
PERT paradigm”. But Davis’s own “PERT-Beta distribution” may also be too complex to be understood by students 
taking a project management course and even too complex to be practical for many practitioners. Roman (1962) tried to 
further simplify the use of PERT by developing an approximation procedure which decreased the number of relevant 
parameters to be estimated from three to two thereby focusing only the most likely and pessimistic times. However, 
Cottrell (1999) tested Roman’s simplified PERT duration formula and found out that the results are “subject to errors of 
greater than 10% when the skewness of the actual distribution is greater than 0.28 or less than −0.48.”   

This evolution in the development and understanding of PERT has led us to the current situation, whereby all standard 
project management text books are still based on the PERT’s original three parameters estimation approach (such as 
Larson and Cray, 2013, Project Management Institute (2013), Kerzner (2013), Klastorin (2010), and Milosevic (2003)). 
Therefore, the purpose of this paper is to allow instructors to further simplify the PERT formula in the classroom so that 
students—future project managers—can gain a better understanding of the usage of PERT for a relatively large project 
without even using a calculator or computer, just the blackboard! The paper also demonstrates that the simplified 
method not only improves the accuracy but also shows a nature of the robustness in PERT formula.   

2. Teaching Method 1 

2.1 Traditional PERT Formula 

The project management team, after clearly defining the scope and deliverable objectives of a project, needs to 
successively subdivide the project into smaller and smaller work elements. This is called the Work Breakdown Structure 
(WBS). This breakdown process is repeated until the details of the component elements are small enough to be 
manageable. The smallest elements in the WBS are called activities. Every activity needs a duration and cost estimate. 
Unlike the CPM, which deals with activities whose duration and cost can be relatively easy to estimate, PERT deals 
with unique or non-routine or unprecedented projects, such as a groundbreaking research project, wherein accurate 
estimations of each activity’s duration and cost are almost impossible. PERT makes these estimations possible by 
requiring experts to provide three estimated times for each of the activities: Let a represent the activity’s duration with 
the most optimistic (least) time, i.e., assuming the best possible scenario (i.e., under the most favorable conditions, even 
if chance of such favorable conditions is less than one percent); m as the most likely duration, i.e., the mode of all 
normal estimations of duration gathered from all the people involved; and b as the most pessimistic duration, i.e., the 
estimate of duration under the most unfavorable conditions, even if there was only a 1% or less chance that such 
unlucky conditions would be observed. Basically, according to the PERT, each activity duration will range from a, the 
most optimistic time, to b, the most pessimistic time. The probability distribution within this range is manifested in a 
beta distribution, with m as the mode. The activity duration may be skewed more towards the high (b) and low (a) ends 
of the data range. See chart 1a, 1b and 1c for the three typical beta distributions:  
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PERT’s approximated formulas of calculating the mean and standard deviation (variance), after half a century and 
withstanding many criticisms such as the criticisms offered by Keefer and Vardini (1993), are still standing tall: the 
PERT’s mean and variance can be found in almost every textbook in the areas of Operations Research, Management 
Science, Operations Management and Supply Chain Management. PERT’s formulas are employed in almost all project 
management software algorithms.  

These two famous formulas of the expected duration ti and the variance Vari are represented in equation (1) and (2) as 
follows, where i represents one of the n activities in a project: 

ti = (4mi+ ai + bi)/6                               (1) 

Vari = [(bi – ai)/6]2                                (2) 

2.2 Modified PERT Formula 

Each of these two equations involves a division by 6 or 62. When demonstrating the calculations in class, decimals and 
truncations have to be used and that practice is not computationally convenient. Students may focus too much on the 
calculation involving the accuracy of the decimals to see the bigger picture. The teaching tip offered by this paper 
suggests a way to avoid the decimals and truncations: don’t do the division; just keep the fraction with denominator of 6 
for ti and 62 for Vari. Thus the above two equations can be written as: 

Ti = 6ti = (4mi+ ai + bi)                     (3) 

Vi = 62Vari = (bi – ai)
2

.                     (4) 
The benefits of not dividing the right hand side of both equations by 6 and 62 are quite obvious:   

● Students can easily calculate the new expected durations using the modified equation (3) with only 
multiplication and addition.  

● The expected duration Ti is then used to calculate the Earliest Start Time (ESi), Earliest Finish Time (EFi), 
Latest Finish Time (LFi), and Latest Start Time (LSi) in order to find out which activities are critical and which 
are not. For each of the non-critical activities, the slack time (the difference between the latest start time and 
the earliest start time) is also calculated in order to know the flexibility the project manager can have for the 
activity.  

● Furthermore, for each of the critical activities, the variance is calculated using equation (4) in order to find out 
the project’s standard deviation.  

● Under the traditional formulas (1) and (2), all these calculations are based on the truncated decimals. While the 
modified formulas (3) and (4) will generate only integer durations and variance if the original estimations (m, 
a, b) are integers, all these calculations (ES, EF, LF, LS, Slack, and variance) become much easier and no 
truncation is needed.  In the classroom setting, it can be much more efficient to do this way, particularly when 
the example used on the blackboard has a relative large number of activities.    

● The result by using formula (3) and (4) can be more accurate than (1) and (2) since no truncation is used. 
Due to the greater computational simplicity, it can be argued that the modified approach is likely to be accepted by a 
larger proportion of students. Table 1 describes the simplicity of the modified formula and its calculation as an example 
project (without even using a calculator). 

Table 1. Example of Using Modified Formula 

Activity Immediate 
Predecessor 

a m b Ti  = 4m+a+b *Vi = (b-a)2 

A - 4 6 7 = 4×6 + 4 + 7 = 35 = (7-4)2 = 32 = 9 
B - 1 2 3 = 4×2 + 1 + 3 = 12 = (3-1)2 = 22 = 4 
C A 6 6 6 = 4×6 + 6 + 6 = 36 = (6-6)2 = 02 = 0 
D A 5 8 11 = 4×8 + 5 + 11 = 48 = (11-5)2 = 62 = 36 
E B,C 1 9 18 = 4×9 + 1 + 18 = 55 = (18-1)2 = 172 = 289 
F D 2 3 6 = 4×3 + 2 + 6 = 20 = (6-2)2 = 42 = 16 
G D 1 7 8 = 4×7 + 1 + 8 = 37 = (8-1)2 = 72 = 49 
H E,F 4 4 6 = 4×4 + 4 + 6 = 26 = (6-4)2 = 22 = 4 
I G,H 1 6 8 = 4×6 + 1 + 8 = 33 = (8-1)2 = 72 = 49 
J I 2 5 7 = 4×5 + 2 + 7 = 29 = (7-2)2 = 52 = 25 
K I 8 9 11 = 4×9 + 8 + 11 = 55 = (11-8)2 = 32 = 9 
L J 2 4 6 = 4×4 + 2 + 6 = 24 = (6-2)2 = 42 = 16 
M J 1 2 3 = 4×2 + 1 + 3 = 12 = (3-1)2 = 22 = 4 
N L,M 6 8 10 = 4×8 + 6 + 10 = 48 = (10-6)2 = 42 = 16 

*Vi can be delayed to calculate until the critical activities are identified 
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3. Teaching Method 2 

3.1 Finding the Critical Activities without Drawing the CPM Network 

For the example project in table 1 with 14 activities, drawing the CPM network to calculate the ES, EF, LS, and LF as 
well as the slack time for each activity on the blackboard is time consuming and may not meaningfully add to the 
understanding of PERT for some students who prefer logical thinking to visual presentation of a network diagram. This 
paper suggests simply using the table (not drawing the network) to calculate all the times needed to find the critical 
activities and path: 

The procedure that students need to find the ES (Earliest Start time) is:  

1) For those activities without immediate predecessors, their ES = 0 (activity A and B in the example);  

2) For those activities with only one immediate predecessor, ES = EF of its immediate predecessor, such as activity 
C, D, F, G, J, K, and M; 

3) For those activities with more than one immediate predecessors, ES = largest EF among all of their immediate 
predecessors), such as E, H, I and N;   

4) All EFs are simply the addition of its ES and expected duration: EFi = ESi + Ti. 

After calculating the ES and EF for all activities, the procedures that students need to find the LF (Latest Finishing time) 
and LS (Latest Start time) are:  

5) For those activities which are not in the column of immediate predecessors, i.e., the last activities in the project, 
their LF = the largest EF in the EF column. In the example case, activities N and K (students need to count A, B, C, 
and all the way to N from the immediate predecessors column to realize that N and K are not in the column);  

6) For those activities that appear in the immediate predecessor column only once, LF = LS of the successor; this 
applies to all activities B, C, E, F, G, H, L, and M. 

7) For those activities that appear in the immediate predecessor column more than once, LF = smallest LS among 
those successors. This applies to activities J, I, D, and A; 

8) All LSs are simply the subtraction of its LF and the expected duration: LSi = LFi – Ti.  

9) Slack Time = LS – ES or = LF – EF. 

Table 2. Illustrations of the Calculations without Drawing the Network 

Activity Immediate 
Predecessor 

T = 4m+a+b ES EF LS LF Slack V=(b-a)^2 

A - 35 0    35    0    35    0     9     
B - 12 0    12    59    71    59/6       
C A 36 35    71    35    71    0     0     
D A 48 35    83    58    106    23/6       
E B,C 55 71    126    71    126    0     289    
F D 20 83    103    106    126    23/6       
G D 37 83    120    115    152    32/6       
H E,F 26 126    152    126    152    0     4    
I G,H 33 152    185    152    185    0     49    
J I 29 185    214    185    214    0     25    
K I 55 185    240    231    286    46/6       
L J 24 214    238    214    238    0     16    
M J 12 214    226    226    238    12/6       
N L,M 48 238    286    238    286    0     16    
Total ==> 286      408    
Expected Completion Time = 286 / 6 = 47.67    
Critical Path Standard Deviation =SQRT(408/36) = 3.367

Only at the very end, the expected completion time is divided by 6, and the critical path total variance is divided by 36 
and then the square root of that quotient is taken to compute the critical path standard deviation.  The slack times also 
need to be divided by 6 to reflect the correct time units.  

3.2 Finding the Total and Shared Slack Time from the Table Directly 

The slack time for each non-critical activity is the amount of time that the activity can slip without causing a delay in 
the project completion. The slack is based on the duration of the critical path. There are two kinds of slacks: Total slack 
and shared slack. When a non-critical activity’s predecessor and successor are both critical, this activity’s slack is the 
total slack. When a non-critical activity is the immediate predecessor of another non-critical activity, the slack time has 
to be shared between these two activities. That means, if the predecessor activity slips n days, the successor activity’s 
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slack time will be reduced by the same n days. It seems that the project network method has an advantage in identifying 
the shared slack and total slack by the network graph. But we can also find them easily from the table method. Table 3 
explains the way to trace and calculate the two kinds of slack times. 

Activities B, D, F, G, K and M are non-critical activities since their slack times are not zero. B has no predecessor and 
its successor is E, which is a critical activity. Therefore, B’s slack time is the total slack since B slips within its slack 
time will have no effect on the total project completion time. D’s predecessor is a critical activity A. However, D has 
two non-critical successors, F and G. F and G’s successors are critical activity H and I respectively. Thus, D has no total 
slack and its entire slack is shared slack, since any delay in D will reduce both F and G’s slack times. Both F and G’s 
total slack are the difference from D’s slack. F and D have the same slack so F’s total slack is also zero. But G’s total 
slack is 32/6 – 23/6 = 9/6. Activity K’s predecessor is I, which is a critical activity. K has no successor. Thus, K enjoys 
its slack as the total slack. By the same token, we can easily trace the predecessor and successor of the activity M: its 
predecessor is J, which is a critical activity, and its successor is N, which is also a critical activity. Therefore, M’s slack 
is also the total slack. 

Table 3. Illustrations of the Calculations of Shared and Total Slack Times Using Table Method 

Activity Immediate
Predecessor

Slack Total
Slack

Shared
Slack

A - 0    
B - 59/6    59/6 0
C A 0    
D A 23/6    0 23/6
E B,C 0    
F D 23/6    0 23/6
G D 32/6    9/6 23/6
H E,F 0    
I G,H 0    
J I 0    
K I 46/6    46/6 0
L J 0    
M J 12/6    12/6 0
N L,M 0    

In summary, the table method can extend its usefulness to distinguish total slack and shared slack by simply tracing 
each non-critical activity’s immediate predecessor(s) and successor(s). It can be easily proved that the slack time of a 
non-critical predecessor is not larger than the slack time of a non-critical successor. If its immediate predecessor and its 
immediate successor are both critical activities, the activity’s slack time will be the total slack since it does not have to 
share the slack with any other activities. If its successor is also a non-critical activity, the first non-critical activity’s 
slack will be all shared slack and the second non-activity’s total slack will be the result of its slack minus the 
predecessor’s shared slack. 

4. Results 

4.1 Accuracy Comparisons 

To compare the rounding impact towards the completion measurements of the project for the example project from 
Table 2, the modified PERT method (No Rounding) is first used to calculate the baseline: the expected completion time 
for the project and the critical path standard deviation. The completion time with 90% probability is also calculated. 
Then, the traditional PERT calculations (equations (1) and (2)) are used three times, rounding to 0, 1, or 2 decimals 
respectively. The Excel function ROUND ((a+4m+b)/6, i) and ROUND(((b-a)/6)^2, i) are used to get the results, where 
i = 0, 1, and 2. 

For the example project, if equations (1) and (2) are used and rounded for both the expected duration and the variance to 
0 decimal place (i.e., integer), only the standard deviation has a relative large percent difference from the result that 
would apply if no rounding occurs (equation (3) and (4)). But the results are not that much different when they are 
rounded to 1 or 2 decimals. In any case, a more accurate result emerges based on this modified, simpler approach to 
complete the PERT process. 
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