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Abstract

On the basis of the valid generalized modal syllogism CIEM<>0O-2 containing the quantifiers in Square{most} and
Square{no}, this paper explores the validity of the other generalized modal syllogisms. The reasons of the reducibility
between/among valid generalized modal syllogisms are: that there are transformational relationships between/among
Avristotelian quantifiers in Square{no} or generalized ones in Square{most}, and that the necessary modality and the
possible one are dual, and that the quantifiers some and no are symmetric. This method is universal, and helps to study
the validity of other kinds of syllogisms. It is hoped that the above results can promote the development of related fields
such as computational linguistics.
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1. Introduction

Various quantifiers are used in natural language. In addition to Aristotelian quantifiers (that is, no, all, not all and some),
there are also a large number of generalized quantifiers, such as: both, many, most, half of the, exactly five, and so on
(Barwise & Cooper, 1981; Peters & Westerstdnl, 2006). Any quantifier Q has three negation: outer negative —Q, inter
negative Q— and dual negative —Q—. They build up a modern square{Q, —Q, Q—, —Q—}, abbreviated as Square{Q}
(Zhang, 2014; Lin, 2015). For instance, Square{no}={no, some, all, not all} and Square{most}={most, at most half of
the, fewer than half of the, at least half of the}. A generalized modal syllogism is obtained by adding one/two/three
non-overlapping necessary modality [J or possible modality < to a generalized syllogism (Xu & Zhang, 2023; Yang,
2024). ‘most’ is a very common non-trivial generalized quantifier in natural language (Hao, 2024). On the basis of the
valid generalized modal syllogism CJEM<>0-2 including the quantifiers in Square{most} and Square{no}, this paper
attempts to study the validity of other non-trivial generalized modal syllogisms.

2. Preliminaries

In this paper, let k, n, t be lexical variables, which discussed in domain D. The sets that consist of k, n, and t are K, N,
and T respectively. ‘| K| stands for the cardinality of the set K, and ‘| KNT|” signifies the cardinality of the set that is
the intersection of K and T. Assuming o, A, u, v be well-formed formulas (often abbreviated as wff). ‘@=g¢A’ shows that
¢ can be defined as A. ‘+¢@’ means that the wff ¢ can be proved. The meanings of operations (such as —, —, A, <) are
the same as that in first order logic (Hamilton, 1978).

The generalized modal syllogisms discussed in this paper merely involve quantifiers from the Square{most} and
Square{no}. Thus they involve the eight types of categorical propositions as shown in Table 1.

Table 1. Eight types of categorical propositions involved in generalized modal syllogisms

Categorical proposition Tripartite structure Abbreviation
No ks are ts no(k, t) E
Some ks are ts some(k, t) I
All ks are ts all(k, t) A
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Not all ks are ts not all(k, t) 0O

Most ks are ts most(k, t) M

At most half of the ks are ts at most half of the(k, t) H
Fewer than half of the ks are ts fewer than half of the(k, t) F
At least half of the ks are ts at least half of the(k, t) S

When adding one necessary modality (CJ) or one possible modality (<>) to these 8 categorical propositions, one can
obtain 16 modal categorical propositions: CIE, (I, A, OO, OM, OH, OF, OS, CE, <1, GA, €0, OM, OH, OF
and <8, respectively. A generalized modal syllogism contains at least one modal categorical proposition (Wei & Zhang,
2023). The definitions of its figures are as usual (Chen, 2020). The syllogism CJEM<O-2 is the abbreviation for the
second figure syllogism CIno(t, n)amost(k, n)—<>not all(k, t). Many instances in natural language correspond to this
syllogism. For example,

Major premise: No apples are necessarily peaches. (Formalized as [Ino(t, n))
Minor premise: Most fruits in this shop are peaches. (Formalized as most(k, n))
Conclusion: Not all fruits in this shop are possibly apples. (Formalized as <not all(k, t))

3. Formal System of Generalized Modal Syllogisms
The formal system of generalized modal syllogisms includes the following components:
3.1 Primitive Symbols
(1) brackets: (,)
(2) operators: —, —
(3) modality: I
(4) quantifiers: no, most
(5) lexical variables: k, n, t
3.2 Formation Rules
(1) Provided that Q is a quantifier, k and t are lexical variables, it follows that Q(k, t) is a wff.
(2) Provided that ¢ is a wff, it follows that —¢ and Tl are wffs too.
(3) Provided that A and p are wifs, it follows that A—p is a wff.
(4) The set of all wffs is generated from (1) to (3).
3.3 Deduction Rules
Rule 1: From F(pAA—p) and F(u—v), F(pAA—>v) can be inferred.
Rule 2: From F(pAA—w), F(—pAa@——A) can be inferred.
Rule 3: From F(pAA—w), F(—puAal——@) can be inferred.
3.4 Relevant Definitions
Definition 1 (truth value of categorical propositions):
(1.2) all(k, t)=ges KT;
(1.2) some(k, t)=qef KNT=L;
(2.3) no(k, t)=ges KNT=(J;
(1.4) not all(k, t)=ges KET;
(1.5) most(k, t)=qer | KNT|>0.5/K].
Definition 2 (truth value of modal categorical propositions):
(2.1) O is true just in case o itself is true at every possible world;
(2.2) O istrue just in case o is true at some possible world.
Definition 3 (inner negation): (Q—)(k, t)=ger Q(k, D-t).
Definition 4 (outer negation): (—Q)(K, t)=qe It is not that Q(k, t).
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Definition 5 (conjunction): (@AL)=ges ~(0——A).

Definition 6 (bi-condition): (¢p<>X) =gt (0>A)A(A—®).
3.5 Relevant Facts

Fact 1 (inner negation):

(1.1) rall(k, ty«>no—(k, t);

(12.2) Fno(k, t)«>all=(k, t);

(1.3) Fsome(k, t)«<>not all—(k, t);

(1.4) +not all(k, t)«<>some—(k, t);

(1.5) Fmost(k, t)«<>fewer than half of the—(k, t);

(1.6) Hfewer than half of the(k, t)<>most—(k, t);

(1.7) +at least half of the(k, t)«<>at most half of the— (k, t);

(1.8) at most half of the(k, t)<>at least half of the— (k, t).

Fact 2 (outer negation):

(2.1) +—all(k, t)y«<>not all(k, t);

(2.2) F=not all(k, t)<>all(k, t);

(2.3) F=no(k, t)«<>some(k, t);

(2.4) F—some(k, t)<>no(k, t);

(2.5) F—most(k, t)<>at most half of the(k, t);

(2.6) F—at most half of the(k, t)y<>most(k, t);

(2.7) =—fewer than half of the(k, t)<>at least half of the(k, t);

(2.8) —at least half of the(k, t)«<>fewer than half of the(k, t).

Fact 3 (duality):

(3.1) F=OQ(k, H)<><—Q(k, t); (3.2) F=Q(k, H«O-Q(K, t).
Fact 4 (symmetry):
(4.1) +some(k, t)<>some(t, k); (4.2) Fno(k, t)«>no(t, k).

Fact 5 (subordination):
(5.1) FOQ(k, )—>Q(k, t);
(5.2) FOQ(k, )><Q(k, 1);
(5.3) FQ(k, )—><Q(k, t).

The above rules, definitions and facts can be proven by first-order logic (Hamilton, 1978), modal logic (Chagrov &
Zakharyaschev, 1997) and generalized quantifier theory (Peters & Westerst&nl, 2006), the detailed proofs have been
omitted for clarity.

4. How to Derive Valid Generalized Modal Syllogisms Based on DEM<O-2

Our first task is to prove the validity for the syllogism COJEM<>O-2 in Theorem 1. Then the remaining 23 valid
generalized modal syllogisms can be derived from CJEM<O-2 in Theorem 2.

Theorem 1 (OEM<>0-2): The generalized modal syllogism [Ino(t, n)amost(k, n)—<>not all(k, t) is valid.

Proof: Suppose that CIno(t, n) and most(k, n) are true, then in the light of Definition (1.3) and (2.1), CIno(t, n) is true
just in case TNN=C is true at every possible world. Similarly, according to Definition (1.5), most(k, n) is true just in
case |KNN[>05|K| is true at every real world. Because every real world is a possible world. Thus
it can be obtained that KZT is true. Now proving it by reductio ad absurdum. Assuming K&T is not true, that is to say,
KcT is true. As we have got TNN=, so KNN=@, which conflicts with the previous |KNN|>0.5K|. This indicates
that the assumption doesn’t hold. It means that K&T is true. Hence not all(k, t) is true in virtue of Definition (1.4).
According to Fact (5.3), <not all(k, t) can be obtained immediately.

Theorem 2: The validity of the following 23 generalized modal syllogisms can be inferred from JEM<0-2:
(2.1) FOEM<O0-2—-OEMO0-1
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(2.2) FOEM<O0-2—0EDAH-1

(2.3) FOEM<O0-2—0EOAH-1»0OEOAH-2

(2.4) FOEM<O0-2—0EOAH-1>0EOACH-1

(2.5) FOEM<O0-2—0EOAH-1>0EOACH-1>0EOAOH-2

(2.6) FOEM<O0-25MOA1-3

2.7) FOEM<O0-25MOAS 1-3->0AMO -3

(2.8) FOEM<O0-2—0AFO0-2

(2.9) FOEM<O0-2—0EMO0-150AM O -1

(2.10) FOEM<O0-250EMO0-150AM O I-1>MOAO 1-4

(2.11) FOEM<$0-20EDAH-1>0AOAS-1

(2.12) FOEM<O0-2—0EOAH-1-0ADAS-10AOAOS 1

(2.13) FOEM<O0-25MOA1-3—->FOASO-3

(2.14) FOEM <O 0-250EMO0-15>AOM O -1 OADEH-2

(2.15) FOEM<O0-2—0EM O 0-15AOM O -1 OADEH-2—OAOE O H-2
(2.16) FOEM<O0-2—50EMO0-15>AOM G -1 OADEH-2—»0AOEH-4
(2.17) FOEM <O 0-250EM O 0-15>AOM O -1 OADEH-2»OAOEOH-2»OAOEO H-4
(2.18) FOEM <O 0-20EMO0-15>AOM O -1 OEM G 0-3

(2.19) FOEM<O0-2—50EMO0-15AOM G -1 OEM O 0-3—50EM O 0-4
(2.20) FOEM<O0-2—0EOAH-1>0EOAOH-1>0OMOAO -3

(2.21) FOEMO0-2—0EOAH-1>OEDAOH-150OMOAO -3 0AOMS -3
(2.22) FOEM<$0-2—0EOAH-1>0EOAOH-1>0EOMO0-2

(2.23) FOEM<$0-2—0EOAH-1>0EOAOH-1>0EOM O 0-2—»OEOMO0-1

Proof:
[1] +Ono(t, n)amost(k, n)—<>not all(k, t) (i.e. DEM<0-2, Theorem 1)
[2] FOno(n, t)amost(k, n)—<>not all(k, t) (i.e. OEM<O-1, by [1], Fact (4.2))
[3] F=<not all(k, t)ACdno(t, n)——most(k, n) (by [1], Rule 2)
[4] FO=not all(k, tyACdno(t, n)——most(k, n) (by [3], Fact (3.2))
[5] FOall(k, t)ACIno(t, n)—at most half of the(k, n) (i.e. JELJAH-1, by [4], Fact (2.2) and (2.5))
[6] FDOlall(k, t)ALIno(n, t)—at most half of the(k, n) (i.e. JEOJAH-2, by [5], Fact(4.2))
[7] +Oall(k, t)AOno(t, n)—<>at most half of the(k, n) (i.e. OEOASOH-1, by [5], Fact (5.3), Rule 1)
[8] +Oall(k, t)ACdno(n, t)—<>at most half of the(k, n) (i.e. OEOAOH-2, by [7], Fact (4.2))
[9] =< not all(k, t)amost(k, n)——[Ino(t, n) (by [1], Rule 3)
[10] +O=not all(k, t)amost(k, n)—<>—no(t, n) (by [9], Fact (3.1) and (3.2))
[11] ~Oall(k, t)amost(k, n)—><>some(t, n) (i.e. MOACI-3, by [10], Fact (2.2) and (2.3))
[12] +Oall(k, tyamost(k, n)—<>some(n, t) (i.e. OAMCI-3, by [11], Fact (4.1))
[13] +Oall—(t, n)Afewer than half of the—(k, n)—<not all(k, t) (by [1], Fact (1.2) and (1.5))
[14] +Oall(t, D—n)Afewer than half of the(k, D—n)—<not all(k, t) (i.e. OAF$0-2, by [13], Definition 3)
[15] ~Oall—(n, t)amost(k, n)—<>some—(k, t) (by [2], Fact (1.2) and (1.4)
[16] +Oall(n, D—t)Amost(k, n)—<>some(k, D—t) (i.e. OAMCI-1, by [15], Definition 3)
[17] +Oall(n, D-t)Amost(k, n)—<>some(D-t, k) (i.e. MOAC -4, by [16], Fact (4.1))
[18] —OJall(k, tyaOall—(t, n)—at least half of the— (k, n) (by [5], Fact (1.2) and (1.8))
[19] FOJall(k, t)aOlall(t, D—n)—at least half of the(k, D—n) (i.e. JAJAS-1, by [18], Definition 3)
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[20] +Oall(k, t)aOall(t, D—n)—<>at least half of the(k, D—n) (i.e. DAOAS-1, by [19], Rule 1, Fact (5.3))

[21] +Oall(k, t)Afewer than half of the—(k, n)—<not all(t, n) (by [11], Fact (1.3) and (1.5))

[22] +Oall(k, t)Afewer than half of the(k, D—n)—<>not all(t, D—n) (i.e. FOAO-3, by [21], Definition 3)
[23] F—<some(k, D-t)Adall(n, D-t)——most(k, n) (by [16], Rule 2)
[24] -OO—some(k, D—t)AOall(n, D—t)——most(k, n) (by [23], Fact (3.2))

[25] +CIno(k, D—t)AOall(n, D—t)—at most half of the(k, n) (i.e. JAOEH-2, by [24], Fact (2.4) and (2.5))
[26] +no(k, D—t)Aall(n, D—t)—<>at most half of the(k, n) (i.e. JACE<H-2, by [25], Rule 1, Fact (5.3))

[27] -Ono(D-t, k)AQOall(n, D—t)—at most half of the(k, n) (i.e. JALIEH-4, by [25], Fact (4.2))
[28] +no(D-t, k)Aall(n, D—t)—<>at most half of the(k, n) (i.e. OAOEOH-4, by [26], Fact (4.2))
[29] F—<>some(k, D—t)Amost(k, n)——all(n, D—-t) (by [16], Rule 3)
[30] +O—some(k, D—t)amost(k, n)—<—all(n, D-t) (by [29], Fact (3.1) and (3.2))
[31] +Ono(k, D—t)amost(k, n)—<>not all(n, D—t) (i.e. OEM<0-3, by [30], Fact (2.1) and (2.4))
[32] +Ono(D-t, k)Amost(k, n)—<>not all(n, D—t) (i.e. OEM<0-4, by [31], Fact (4.2))
[33] F—<>at most half of the(k, n)AOall(k, t)——CIno(t, n) (by [7], Rule 2)
[34] +O—at most half of the(k, n)AOall(k, t)—<>—no(t, n) (by [33], Fact (3.1) and (3.2))
[35] Fmost(k, n)ACall(k, t)—<>some(t, n) (i.e. OMOASI-3, by [34], Fact (2.3) and (2.6))
[36] Fmost(k, n)ACall(k, t)—<>some(n, t) (i.e. OAOMSOI-3, by [35], Fact (4.1))
[37] F—<at most half of the(k, n)ACIno(t, n)—»—all(k, t) (by [7], Rule 3)
[38] +O—at most half of the(k, n)ACIno(t, n)—<—all(k, t) (by [37], Fact (3.1) and (3.2))
[39] FOmost(k, n)ACIno(t, n)—<not all(k, t) (i.e. OEOMO0O-2, by [38], Fact (2.1) and (2.6))
[40] FOmost(k, n)ACIno(n, t)—<not all(k, t) (i.e. OEOMOO-1, by [39], Fact (4.2))

Up to this point, the above reasoning processes show that 23 valid generalized modal syllogisms can be inferred
from the syllogism CIEM<>O-2 on the basis of some definitions, rules and facts, etc.

5. Conclusion

With the help of set theory, generalized quantifier theory and modal logic, this paper first formalizes the categorical
propositions containing quantifiers within Square{most} and Square{no} and modalities (CJ and <>), then proves the
validity of the generalized modal syllogism CJEM<0-2. On the basis of this syllogism, other 23 valid generalized
modal syllogisms are deduced by means of some reducible operations. All proofs in this paper are deductive reasoning,
and therefore their results have logical consistency.

The reasons of the reducibility between/among the generalized modal syllogisms are: that there are transformational
relationships between/among Aristotelian quantifiers in Square{no} or generalized ones in Square{most}, and that the
necessary modality and the possible one are dual, and that the quantifiers some and no are symmetric. This method is
universal, and helps to study the validity of other kinds of syllogisms. It is hoped that the above results can promote the
development of related fields such as computational linguistics.
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